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THEOREM LL (Tiezej $\ddagger^{\gamma}.rys\circ h_{ll}$) $X$ ,
.
(a) $X$ $\uparrow\iota ormal$ $l$
(b) $X$ , $($
(c) $X$ $\mathrm{R}$ , $X$
$|$
, ( , ) normat ,
$\{$
, $X$ $Z$ , $X$




. , , $(\mathrm{c}\mathrm{f}/\sigma\cdot=\kappa\geq\omega)$
1
Section 2 , . nor-













Sec.tion 3 , $\omega_{1}$ normality, ,
, ,
. 1990 , , 2
$\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}1\mathrm{i}\mathrm{t}\mathrm{y}_{\backslash }$ , $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}_{1}\mathrm{r}\mathrm{y}$ set
. , $\omega_{1}$ 2 normal
. ,
normality . norma.lity
subnormality nlild $\mathrm{n}$ormaljtv ,
, $\omega_{1}$ 2 3
, . , $\omega_{1}$
subnormality mild normality stationary set
.
Section 4 $\ovalbox{\tt\small REJECT}$ subnormality
$1\mathrm{d}$ normality . ,




, normality ,.. $X$
$\mathrm{C}_{0},$ $\mathrm{C}_{1}$ , $\mathrm{O}_{0},$ $\mathrm{O}_{1}$
. ( $\mathrm{C}_{0}$ $=\mathrm{C}_{1}=\mathrm{C},$ $\mathrm{O}_{0}$ $=\mathrm{O}_{1}=\mathrm{O}$ , $\mathrm{C}$
$\mathrm{O}$ c) , .
$\forall$Q $\in \mathrm{C}_{0}\forall C_{1}’\in \mathrm{C}_{1}[C_{0}\cap C_{1}=\emptysetarrow$




, regular normal $T_{1}$- . , $T_{i}$.
, $T_{1}$- ,
., $T_{4}$- , $T_{4},T_{3\cdot\cdot\vdash 1/2},T_{3},T_{2},T_{1}$ , .
$i=1,2$ , $3,3+1/2$ , $T$, $T_{i}$. $\llcorner$ , $T_{i}$
$T_{i}$. . ,
, .
, $\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}1\mathrm{i}\mathrm{t}_{\nu}\mathrm{v}$ ( $T_{4}$- ) .
, . .
FACT 2.1. .
(1) , \eta - ,
(2) , $($
(3) $\kappa>\omega$ $\beta_{\backslash }\mathrm{I}\mathrm{J}$ , $\kappa\cross(\kappa\cdot+ 1)$ normal .
(3) Fodor , $\{\langle\alpha, \alpha\rangle|\alpha^{r}<\kappa\}$ $\kappa\cross$ {\kappa } $G_{\delta}$- (
intersection $Ct\delta$- )
,
Fact , $\omega_{1}$ $\omega_{1}+1$ $T_{4}$ ,
$\omega_{1}\cross(\omega_{1}+1)$ $11\mathrm{O}1^{\backslash }\mathrm{n}1\mathrm{a}1$ , , $\omega_{1}\dashv- 1$
$\mathrm{I}\mathrm{f}\mathrm{a}\iota \mathrm{l}\mathrm{S}\mathrm{d}\mathrm{o}\mathrm{r}\mathrm{f}\mathrm{f}$ , , $(\omega_{1}+1)^{2}$ Haumlorff,
, $T_{4}$ , $\omega_{1}\cross(.\omega_{1}+1)l$2normal
.
COROLLARY 2.2. $T_{4}$ - , , , 2 ,
.




PROBLEM 2.3. $T_{4}$ - , normaf
?
, Dowker .
THEOREIVI 2.4. (Dowker $\mathit{1}\mathit{9}^{r},’\acute{\mathit{1}}$ $\beta J$) normal $X$ ,
1
(a) $Y$ , $X\cross \mathrm{Y}$ nomal .
(b) $X$ $\cross$ I normaf , , $\mathrm{I}=[0,1]$
,
(c) $Y$ , $X\mathrm{x}\mathrm{Y}$ normal
(d) $X$ $\mathrm{t}$
, ,
DEFINITION 2.5. $X$ $\mathcal{U}=\langle U_{i}.|i\in I\rangle$ , $\mathcal{V}=$
$\langle V_{i}.|i, \in I\rangle$ , $V_{i}\subseteq U_{i}$. $i\in I$ , $\mathcal{V}$
$\mathcal{U}$ partial shrinking, , $\mathcal{U}$ $\mathcal{V}$ expansion
( partial shrinking shdnking
$\mathcal{V}$ (resp. discrete.) ,$\cdot$ $X$ $x$ ,
$P$ , $|\{i\in I|P\cap V_{i}\neq\emptyset\}|<\omega$ (resp. $\leq 1$ ) ,
$X$ shrinking , $X$
$T_{4}$
Dowker , norrnal anti-Dowker
, $\ulcorner \mathrm{D}\mathrm{o}\mathrm{w}\mathrm{k}\mathrm{e}\mathrm{r}$ ?
, (ZFC ) , 1971
. Dowker 20 , ,
,
1
THEOREM 2.6. (Rudin 1971) Dowker .
Rudin Dowker ,, .
$X=\{x\in\square _{fl<\omega}(.\omega_{\mathrm{n}}+1)|\exists m<\omega\forall n<\omega(\omega<\mathrm{c}\mathrm{f}$ x(n.)<\mbox{\boldmath $\omega$}
47
, $\square _{i\in I}\wedge$Yi Box ,
(Tychonoff ) , $\mathrm{T}y^{V}\mathrm{c}1_{1C\mathrm{J}11\mathrm{O}}.\mathrm{f}\mathrm{f}$
. $?,\cdot\in I$ $P_{i}$. $J\mathrm{Y}_{i}$.







THEOREM 2.7. (Rudin $\mathit{1}\mathit{9}7\mathit{5}_{J}$ Atsuji $\mathit{1}\mathit{9}7\eta$ $T_{4}$ $T_{4}$
, .
anti-Dowker , $\omega_{1}\cross(\omega_{1}-\vdash 1)$
. , $\ulcorner_{\omega_{1}^{2}}$ a.nti-Dowker
? , .
THEOREM 2.8. (Kemoto, Smith, Szeptycki [12]) $\mathrm{V}=\mathrm{L}$ , ,
PMEA , $\omega_{1}^{2}$ anli-Dowker .
, PMEA Product Measure Extension Axiom
, $\mathrm{c}\mathrm{o}\mathrm{l}\mathfrak{B}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{s}\mathrm{y}$ stren.gth , $\mathrm{c},.0.\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{a},\mathrm{c}\cdot\dot{\mathrm{c}}$ cardinal $\langle$ (Nyikos),
measurable $\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{i}_{\mathrm{I}1}\mathrm{a}.1$ $(.\mathrm{F}1\mathrm{e}_{-}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{n}\mathrm{e}\mathrm{r})$ .
, $\mathrm{V}=\mathrm{L}$ PMEA ,
1











, , , 2
$\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}.1\mathrm{i}\mathrm{t}.y’,$
$\mathrm{c}\mathrm{o}11\mathrm{e}\mathrm{c}11\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{w}\mathrm{i}\Leftrightarrow^{\urcorner}.\mathrm{e}\mathrm{x}.1$or.m‘a$1\mathrm{i}\mathrm{t}.\mathrm{Y}^{r},$ , shrinking property, J $\backslash \mathrm{Q}$ $\nearrow\backslash ^{\mathrm{O}}$
THEOREM 3.1. ( $I\zeta emoto,’ \mathit{0}$hta,$\cdot$ Tainano1992[11])
$\alpha\leq\mu$ , e : $\mathrm{c}\mathrm{f}\alphaarrow\alpha$ strictly increasing
cofinal s ’uence . $A_{7}B\subseteq\mu+1$ , .
(1) 1
(a) $A\cross B$ shrinking $($
(b) $A\cross B$ collectionwise normal .
(c) $A\cross B$ $nor\ell nal$ ,
(d) $\lambda=\mathrm{c}\mathrm{f}\alpha$ =cf $l^{f}\geq\omega_{1}$ $\alpha,\beta\leq f^{A}$ ,
.
$(d_{1})\alpha$. $\not\in A,$ , $.\beta\not\in B$ , $A\cap\alpha$ $\alpha$ non-stationary
, $B\cap\beta$ $\beta$ non-stationary , $(e_{\alpha}^{-1}" A)\cap(e_{\beta}^{-1}" B)$
$\lambda$ stationary .
(d2) $\alpha$. $\in A,$, ’. $\beta\not\in B$ , $A\cap\alpha$’ $\alpha$ $bounde\Delta$ , $B\cap\beta$’
$\beta$ non-stationary $($
$(d_{3})\alpha\not\in A$ , , ,$\theta\in B$ , $A\cap a$’ $\alpha$ non-statiofla.ry
$\acute{\prime}$
$B\cap\beta$ $\beta$ boundd ‘
(2) .
(e) $A\mathrm{x}B$ strong $D- prope\hslash y$ .
(f) $\wedge 4\cross B$ $ex,pandable$ .
(g) $A\cross B$ .
(h) $A\mathrm{x}B$ weak $D(\omega.)$ -propeny .
(i) $\lambda=\mathrm{c}\mathrm{f}\alpha$ =cf $\beta\geq\zeta\acute{.}1$ $\alpha,\beta\leq\mu$ , $(e_{\alpha}^{-1}" A)\cap$
$(e_{\beta}^{-1}" B)$ $\lambda$ non-stationary , ,
$(i_{1})\alpha$ \not\in A, , $\beta\not\in B$ , $\wedge 4\cap\alpha \mathit{1}$ $\alpha$ non-stationa.w
, or $B\cap\beta$ $\beta$ non-stationary .
$(i_{2})\alpha\in A$, , $f;\not\in B$ , $A\cap\alpha$ $a$’ bounded , $B\cap\beta$
$\beta$ non-stationary $\mathrm{t}$
48
$(’i_{3})\alpha$ \not\in Aj , $\beta\in B$ , $A\cap\alpha$ $\alpha$ non-stationary
, $B\cap\beta$ [? bounded ‘
, collectionwise normality shrinking property normal-
ity , . (
[11] . $\ovalbox{\tt\small REJECT}$
DEFINITION 3.2. shrinking ,
shrinking discrete ,
p.airwilse $di_{9}’.Joint$ enpansion , collectionwise
normal
$\omega_{1}$ .
COROLLARY 3.3. $A,$ $B\subseteq\omega_{1}$ , .
(a) $A\cross B$ $shr.i.nf\dot{\mathrm{b}}ir\iota g$ .
(b) $A\cross B$ collectiollwise normal.
(c) $A\cross B$ normal.
(e) $A\cross B$ strong $D$-properry .
(f) $A\mathrm{x}B$ $ex,pandable$ .
(g) $A\cross B$
(h) $A\mathrm{x}B$ we.ak $D(\omega)- prope.n.y$ 6
$(d\cdot i)A$ $B$
$\omega_{1}$ $non-.s.tationar’y$ , $A\cap B$ stationary.
, $\omega_{1}$ $\omega_{1}$ stationary set
, .
COROLLARY 3.4. $A\cross B$ normal $A,$ $B\subseteq\omega_{1}$
,
, , normality non-trivial
$|$ normality
subnornmlity nlild normality ,
50
DEFINITION 3.5. C7\mbox{\boldmath $\delta$}-
, subnormal
$\Gamma_{\sigma}\sqrt- sh\ell ri?lking$ , subshrinking
, shrinking subshrinking llOl.-
$\mathrm{m}\mathrm{a}\mathrm{l}$ , $|\mathrm{s}n\mathrm{b}\mathrm{s}\mathrm{h}\mathrm{r}\mathrm{i}_{11}\mathrm{k}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ norma.l subnormal $|$
subnorntality $\mathrm{n}\mathrm{o}.1^{*}\mathrm{n}1\mathrm{a}_{1}1\mathrm{i}\mathrm{t}\mathrm{y}$ . $\omega_{1}^{2^{\ell}}$
.
THEOREM 3.6. (Kemoto $\mathit{2}\mathit{0}\theta \mathit{2}$ [10]) $\omega_{1}^{2}$ sub-
$sh\dot{m}nking_{J}$ subnormal .
, $n<\omega$ , $\omega_{1}^{\tau\iota}$. sub-
normal , ,
, .
THEOREM 3.7. ( $Hir^{\tau}ata,$ $Ke?no.to$ 2003 [ZO
(1) $\omega_{1}^{3}$ subnormal .
(2) $n<\omega,$ $X\subseteq\{x\in\omega_{1}^{n}. |x(i)<x(j)(\forall i$. $<\forall j<n.)\}$ , $X$
subshrinkir\iota g, , $sub\uparrow\iota orrnal$.
, $n=2$ $n=3$
, $X\underline{\subseteq}\omega_{1}^{n}$ } $n=2$ , $\{x\in X|x(j_{0})=$
$x(j_{1})(\forall j_{0},j_{1}<n)\}$ stationary , , $j_{0}’\neq j_{1}<n$
$\{\alpha<\omega_{1}|x(j_{0})=x(j_{1})=\alpha(\exists x\in X)\}$ non-stationary
, $n\geq 3$ , .
. , (2) .
interior regular open ,
closure regular closed $|$ $X$ $U$ regular
open $U=\mathrm{i}\mathrm{n}\mathrm{t}x\mathrm{c}1_{arrow \mathrm{X}}.\cdot U$ , $F$ regular closed
$F=\mathrm{c}1_{X}$ int $F$ .





mild $1\mathrm{l}\mathrm{O}\mathrm{l}’ \mathrm{m}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ ,
regular closed norrn.a.lity
1
DEFINITION 3.8. regular closed
( $C_{\tau}^{\mathrm{Y}}\delta$ - ) , mfldly normal
(mildly subnormal)
FACT 3.9. $(sub.)no’mal$ mddly (sub)norm.al $C^{\backslash }\backslash$ .
mild normality normality . , $\omega_{1}\cross(\omega_{1}+1)$
normal , nfildly normal .
THEOREM 3.10. ( $I\mathrm{f}ala\ell l.tan_{f}$ Szepticki2002[9].) .$i,$ $\in I$ $\alpha_{i}$
, $\Pi_{i\in I^{0}}$’i mddly normat ,
Kalantan, Szepticki , elementary submodel
. ( elementary submodel [13]
. )
Kalantan, Kemoto , (1) 3
.
THEOREM 3.11. (Kalantan, $I\zeta e.moto$ 2003 [8].)
(1) $A,$ $B$ $A\mathrm{x}B$ mildly normal.
$(\theta \mathit{2})(\omega+\mathrm{I})\mathrm{x}\omega_{1}$ mddty normal ,
COROLLARY 3.12. $A,$ $B\subseteq\omega_{1}$ , $A\cross B$ subnormal $m\cdot ildly$
normal $c$




THEOREM 3.13. (Hirata, Kemoto $[7J$, Hirata $[\mathit{5}J$)
$A=\langle A_{k}|k\in N\rangle$ $\omega_{1}$ , $X=$
$\Pi_{k\in N}A_{k}$ ‘ .
(a) $X$ $s\cdot ubshri?lking$ .
(b) $X$ $subno\nu\eta nal.$ .
52
$(c’)X$ mildly normd.
(d) -Y mildly $subnorr7?,al$.
(e) $N$ 2 $\langle k_{i}.|i<l\rangle$
$j$
$0<i<l$ $A_{k_{i-1}}\cap A_{k_{i}}$. $\omega_{1}$ $stationar^{4}y$
$l\mathrm{h}^{\grave{\backslash }},’ \bigcap_{i<l}A$ki stationary .
, Kalantan, Kemoto , mildly
normal , 2 3 ,
COROLLARY 3.14. $A\cross B\mathrm{x}C$ subnormal mddly normd
$A,$ $B,$ $C\subseteq\omega_{1}$ .
Proof. $S_{0},$ $S,,$ $\mathrm{b}_{2}^{\gamma}$ $\omega_{1}$ stationary set , $A=$
$\ovalbox{\tt\small REJECT}\cup S_{1},$ $B=S_{1}\cup S_{2},$ $C=6_{2}^{\gamma}\cup S_{0}$ $A\cap B=S_{1}$. $B\cap C=S_{2}$








, , , 2
, normality, collectionwi normality, $\mathrm{s}_{r}11\mathrm{r}\mathrm{i}11\mathrm{k}\mathrm{i}\mathrm{n}\mathrm{g}$ property
, , .
THEOREM 4.1. (Fleissner $\mathit{2}\theta \mathit{0}\mathit{2}$ [Z
$X$ , .
6) $X$ $nor7llal$.
(b) $X$ norr}?,al $stro?lgly$ zerO-dimensional.
53
(c) $X$ $collect^{J}i_{\mathit{0}\mathit{7}}\iota u$}$ise$ normal.
(d) -Y’ shrinking.
strongly $\mathrm{z}\mathrm{e}\mathrm{l}.0$-dimellsiollal ,
clopen , Urysohn ,




, Dowker normality subshrinking
, Rudin Dowker collectionwise
normal , , collectionwise normality subshrinking
. , subshrinking property normality
$A,$ $B\subseteq\omega_{1}$ $A\cross B$ , Corollary 3.4,
Theol.em 3.6 .
$.\omega_{1}$ , $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{n}\mathrm{o}1\mathrm{m}\mathrm{a}1\mathrm{i}\mathrm{t}\mathrm{y}^{r},$ subsllrillking, nffld
normality, mild subnorma.lity ,
. ,
. subslIi ing mildly normal
$X\subseteq(\omega+1)\mathrm{x}\omega_{1}$ , Tberorem 3.6, Theorem 3.
, , $\omega_{1}\cross(\omega_{1}+1)$ mildly normal , subnormal
.
, subnormality




COROLLARY 4.2. $X=\Pi k\in NA$,
, .
(1) $X$ subshrinking subnormal
(2) $X$ mddly normal , ?nildly subnormal
1
(3) , $X$ subnormal , $X$ $\uparrow nildly$ nomal ‘
54
DEFINITION 4.3. $K=\langle I\mathrm{t}_{-}, K,, S_{IC}\rangle$ $(-+S)- t^{l}riple$ $K=I\iota_{-\cup}^{F}$
$\mathrm{A}^{\vee}.$
+ di $oi^{J}ni$ union , $S_{K}\underline{\subseteq}P(K.),$’ , $r\in S_{I\mathrm{f}}$ $r’\subseteq 7^{*}$
,$\Gamma’\in 6_{I\backslash }^{\gamma}.$’ . $(-\cdot- t- S)- t\gamma\dot{\eta}’\zeta Jl$e $K=\langle \mathrm{A}_{-}’.,$ $K_{+}-,$ $S$\tilde
, 1
$\bullet$ $K$ well partitioned , $I.\mathfrak{t}_{-}$ $J$ , $K$
2 $\langle k_{i}|i<l\rangle$ , $\{k_{i-1}., k_{j}\}\in S_{I\dot{\mathrm{c}}}$
$i<l$ $\{k_{i}|fi, <l\}\in.6_{R}^{\gamma}$.
$($
$\mathrm{o}K$ even , $k_{0}\in K_{-},$ $k$,, $k_{2}\in \mathrm{A}’-+$ , $\{k_{0}, k,\}\in$
$S_{I\mathrm{f}}$ $\{k_{0}, k_{2}\}\in S_{K}$ $($
$\bullet$ $K$ separated , $k_{0}^{\eta}\in K_{-}$ $k_{1}\in \mathrm{A}_{+}^{r}$ ,
$\{k_{0)}k_{1}\}\not\in S_{K}$
$\mathrm{r}$
$\mathrm{o}K’\subseteq K$ . $K$ $K’$-flat , $K’$ $K_{-}$ ,
$K\in S_{K}$
$($
DEFINITION 4.4. $A=\langle A_{k}|k\in N\rangle$
$\mathrm{c}O$(A) $\langle K, \langle\langle\alpha_{k}, c_{k}\rangle|k\in K\rangle, \kappa\rangle$
1
$\mathrm{o}K=\langle$ $f^{\nearrow}\iota_{-},$ $\mathrm{A}_{+}’,$ $S$K $\rangle$ $(-+S)$- \psi le , $K(=K_{-}\mathrm{U}fC_{+})\subseteq N_{(}$
$\mathrm{o}l\ddot{v}$ .
$\mathrm{o}$ $k\in K$ , $\alpha_{k}$ cofi.nality $\kappa$ , $c_{k}$ $\kappa$ $\alpha_{k}$
stictty increasing cofinal sequence.
$\circ S_{K}$ $\bigcap_{k\in r}c_{k}^{-1}‘ {}^{\mathrm{t}}A_{k}$ $\kappa$ stationary $\prime r\subseteq K$ .
$\bullet$ $k\in \mathrm{A}_{-}’$ , $\alpha_{k}\not\in A_{k}$ , $A_{k}\cap\alpha_{k}$ $0_{k}^{J}$ stationary.
$\mathrm{o}k\in K_{+}$ , $\alpha_{k}\in\wedge 4_{k}$ , $A_{k}\cap a_{k}^{J}$ $\alpha_{k}$ cofinal.
$\mathrm{o}k\in N\backslash K$ , $A_{k}$ .
THEOREM 4.5. (Hirata)
$A=\langle A_{k}|k\in N\rangle$ , $X=\Pi A$ .
, $\mathrm{c}$
55
(a) $X$ $mildl’\iota/$ normal $\mathrm{t}$
(b) $X$ $\uparrow nildl^{\mathrm{r}}ysub\uparrow lo’rmal$
$\mathrm{t}$
(c) $\langle$It, $\langle\langle\alpha_{k^{n}}, c_{k})|k\in K\rangle, \kappa\rangle\in O$ (A) , $K$ well parti-
tioned $e\cdot b.en$ ,
THEOREM 4.6. (Hirata)
$A=\langle A_{k}. |k\in N\rangle$ , $X=\Pi A$ ‘
, .
(a) -Y $subshrink..i_{Jl}g$ .
(b) $X$ subnormal $($
(c) $\langle \mathrm{A}^{r}, \langle\langle\alpha_{k}, c_{k}.\rangle|k\in K\rangle, \kappa\rangle\in O$(A) , $K’$ $\{\beta<\alpha_{k}$. $|$
$\mathrm{c}\cdot \mathrm{f}.\beta\geq\kappa\}$
$\alpha_{k}$, $\backslash tationary$ $k\in K$ ,
$K$ well partitioned, $sepa^{l}rated$, , $K’$ -flat 1
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